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7
Thermodynamics of Nanoparticles and Phase Transformations
7.1
Basic Considerations

The surface over volume ratio of nanoparticles is significantly larger as compared
to that of macroscopic parts (see Chapter 3). As a surface is always connected to
surface energy this large surface contributes significantly to the energy of a particle. Therefore, thermodynamic considerations must take note of this additional
factor. Furthermore, one has to realize that nanoparticles are small; therefore, all
quantities depending on the size have to be analyzed. Looking at heat capacity,
one would not expect a significant influence. However, knowing that heat capacity
is based on lattice vibrations, which depend on the atomistic nature of the particles,
one realizes that the amount and the modes of possible lattice vibrations in a small
particle are different as compared with a large particle. Similar considerations are
valid when looking at polycrystalline bodies consisting of grains in the nanometer
range. In this case, the volume fraction of grain-boundary material is significant.
As grain boundaries are less ordered as compared to well-crystallized material, one
has to expect a notable influence on the thermodynamic quantities.

7.2
Influence of the Particle Size on Thermodynamic Properties and Phase
Transformations

The free enthalpy of one particle, Gibbs enthalpy g, is defined as
g = u − Ts + γ a.

(7.1a)

In Eq. (7.1) u is the enthalpy, T the temperature, s the entropy, γ the surface energy,
and a the surface of one particle. If the equation is related to one mole, the quantities are written in capital letters, as
G = U − TS + γ A.

(7.1b)

The surface energy γ is independent of the quantity, however, there is a dependency on the particle size, which is often observed, but until now not really
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quantified; therefore, in most cases, this quantity is assumed to be independent
of the particle size. To a first rough approximation, the molar quantities U and S
may also be assumed to be particle-size independent. This allows us to rewrite
ρπ d 3
U
Eqs. (7.1a) and (7.1b) as functions of the particle diameter d, using u = = U
,
N
6M
3
3
ρπ d
ρπ d
S
A
,a= =A
, and a = πd2,
s = =S
N
N
6M
6M
g =U

ρπ d 3
ρπ d 3
− TS
+ γ d 2π ,
6M
6M

G = U − TS + γ

(7.2a)

M6
M
a = U − TS + γ
.
ρv
ρ d

(7.2b)

In these equations, N stands for the number of particles per mol, M for the
molecular weight and ρ for the density of the material. For thermodynamic considerations, most important are the molar quantities as they are given in Eq. (7.2b).
To analyze phase transformations; the surface energy of the different phases, for
example, solid or liquid must be taken into account. The same is valid for the
volume change connected to phase transformations. Looking at Eq. (7.2b), one
realizes that the free enthalpy increases with decreasing particle diameter. As an
example, Figure 7.1 displays the molar surface energy of solid and liquid gold in
comparison to the molar enthalpy of melting.
Analyzing Figure 7.1, one realizes that the surface energy in the solid and liquid
states are significantly larger than the enthalpy of melting; even the difference of
the surface energies is, in the case of small particles in the same range of energy
as the enthalpy of melting. Therefore, one may expect a significant influence of
particle size, via the surface energy, on the melting behavior. This statement is
valid not only for the melting process, but for any other phase transformation, too.
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Figure 7.1 Surface energy of solid and liquid

gold in comparison with the enthalpy of
melting. One sees that the difference of the
two surface energies is close to the enthalpy

of melting. This graph was calculated
assuming that the quantities U, S, and γ are
independent of the particle size.
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Figure 7.2 Free enthalpy in the case of a phase transformation, in this case melting or

crystallization. At the equilibrium point, where both enthalpies are equal, the transformation
temperature is called the “crossing temperature”.

The question on the influence of the particle size on the melting temperature
is quite old. The first answers, based on strict application of equilibrium thermodynamics, were given at the end of the nineteenth century. More generally, to
calculate the influence of the particle size on phase transformations, one has to
look at the equilibrium between the parent phase, called “old” and the other phase,
called “new”. At equilibrium, the relation
Gold = Gnew

(7.3)

is valid. Figure 7.2 depicts this situation for the case of melting, respectively,
crystallization as phase transformation. The temperature, where the free enthalpy
of the parent phase (e.g., solid phase) Gold is in equilibrium with the new phase
(in this example the liquid phase), Gnew is often called the “crossing temperature”.
At this temperature, the difference of the free enthalpy ΔGtrans is nil.

Box 7.1

Entropy of the Different Phases

In Figure 7.2 one realizes that the entropy of the high-temperature phase (in
this case the liquid phase) is higher than the one of the low temperature phase
(solid phase). Higher entropy is – in statistical physics – related to higher symmetry. However, in this context, one must not use the term “symmetry” in the
way it is used in crystallography or geometry. In this context, symmetry must
be understood in a statistical sense. That means in a liquid and even more so
in a gas, each point may act as center of symmetry that means for any symmetry
operation a partner is possible. Important: It is possible but not necessarily
present.
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Assuming isothermal conditions, at the transformation temperature, Ttrans this
leads to
U old − TtransSold + γ old Aold = U new − TtransSnew + γ new Anew.
Using the differences ΔUtrans = Hnew − Hold, and ΔStrans = Snew − Sold Eq. (7.3) boils
down to:
∆Gtrans− nano = ∆U trans − Ttrans ∆Strans + γ new Anew − γ old Aold = 0.

(7.4)

Following this equilibrium condition consequently and using Eq. (7.2b), one
obtains the important relation
∆Ttrans = Ttrans− bulk − Ttrans− nano = α

1
dnew

.

(7.5)

In Eq. (7.5) Ttrans−bulk stands for the melting temperature of the bulk material and
Ttrans−nano for that of small particles. This equation, called the Thomson equation
(sometimes also called the Gibbs–Thomson equation) documents that the difference melting temperature of small particles and bulk material is inversely proportional to the particle size.

Box 7.2 Influence of the Particle Size on the Temperature of Phase
Transformation
For reasons of clarity and comprehensibility, these considerations are made for
spherical particles; furthermore, the influence of thermal expansion is
neglected. These two simplifications do not influence the physical message;
rather, the resulting dependencies are clearly visible. Castro et al. [1]. extended
the approach to melting of nanoparticles considering thermal expansion and
temperature-dependent surface energy.
The starting point is the equilibrium as defined in Eq. (7.4). There are
three factors influencing phase transformation: The surface of the particles,
the changes of surface energy and density as a consequence of phase transfor6M
mation. For spherical particles, the surface per mol is given by A =
. From
ρd
simple geometric considerations, one obtains for the diameter ratio of two
1/ 3

dnew  ρold 
=
. After inserting in Eq. (7.4) and
dold  ρnew 
using the relation ΔUtrans = TtransStrans one obtains
particles with the same mass

∆Gtrans − nano = ∆U trans − Ttrans ∆Strans + γ new

6M
ρnew dnew

2 /3

− γ old

6M  ρnew 
.
ρnewDnew  ρold 
(7.6)
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At equilibrium temperature, ΔGtrans−nano = 0. For the transformation temperature of nanoparticles, one obtains
Ttrans =

  γ old   ρnew  2/3 
∆U trans
6Mγ new
+
1 −
.
∆Strans ρnew dnew ∆Strans   γ new   ρold  

Using the abbreviation Tbulk =
∆T = Ttrans − Tbulk = 6M
=α

(7.7)

∆U trans
one obtains the important relation
∆Strans

2 /3
Tbulk γ new 1   γ old   ρnew  
1 − 

∆U trans ρnew dnew   γ new   ρold  

1
.
dnew

(7.8)

Equation (7.8) represents the inverse linear relationship between the reduction
of the phase-transformation temperature and the particle size, in this equation,
the term in the square brackets is most interesting, as this term rules the sign
of the temperature difference.
  γ   ρ  2 /3 
α = 1 −  old   new   .
  γ new   ρold  

(7.9)

Looking at the melting process (old = solid, new = liquid), α is always negative,
2 /3
2 /3
 γ ρ 
 γ  ρ 
as,  old   new  > 1 is always valid, as  old  >  new  is always observed.
 γ new   ρold 
 γ new   ρold 
Even exceptional cases, where the density increases during melting, for
example, in the cases of bismuth and germanium, do not alter this rule. This
may be seen in Table 7.1.
Table 7.1 Parameters of Eq. (7.9) for different elements.

Copper
Silver
Gold
Germanium
Bismuth

g solid
g liquid

 r liquid 
 r 
solid

 r liquid 
 r 
solid

1.11
1.22
1.15
1.35
1.32

0.9
0.89
0.9
1.05
1.16

0.93
0.92
0.93
1.03
1.1

2/3

g solid  r liquid 
g liquid  rsolid 

2/3

1.03
1.12
1.08
1.39
1.45

The general law expressed by Eq. (7.5) is experimentally very well verified. Figure
7.3 displays the melting temperature of gold nanoparticles as a function of the
inverse particle diameter. The experimental results of Castro et al. [1] show two
separated ranges. The range indicated with Castro et al. I, which follows exactly
the inverse linear relationship of Eq. (7.5) and a second range, which is nearly
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Figure 7.3 Melting temperature of gold nanoparticles plotted versus the inverse particle

diameter from experimental results by Castro et al. [1]. It is important to realize that the linear
relationship based on Eq. (7.5) breaks down at a particle size of ca. 1.6 nm (0.63 nm−1).

particle-size independent (Castro et al. [1]) Extrapolating the latter values, one
find a particle size around 1.6 nm (=0.63 nm−1), where the inverse linear relation
breaks down.
Such a break down of this simple relation is not only found at small particle
sizes, but at larger ones, too. This is demonstrated using the example of lead,
which is depicted in Figure 7.4. In this figure, the experimental data are plotted
versus the particle diameter and, additionally, versus the inverse particle diameter.
The latter plot is more interesting and gives additional information. One realizes
a significant deviation from the inverse linear relationship in the case of particles
larger than approximately 6.5 nm in diameter.
Calculations by Coombes [2] result in a surface layer of roughly 3 nm, where
melting starts. Therefore, it is not surprising that the linear approximation fits up
to an inverse particle diameter of approximately 0.145 nm−1, corresponding to a
particle diameter of roughly 6.5 nm. The core of the particles melts in a second
step. In the case of smaller particles, this means that for particles with a radius
smaller than this surface layer, the whole particle melts at once. This, and only
this, range follows Eq. (7.5).
How to explain this behavior that does not follow elementary thermodynamic
considerations? Based on theoretical considerations, using Landau’s parameter of
ordering Chang and Johnson [3] showed that small nanoparticles do not have the
same degree of ordering that is observed in bulk materials. Landau’s order paramameter is defined in a way that, for a perfect crystal, it is one and for a liquid it
is zero. Based on the results of Chang and Johnson [3] Figure 7.5a shows this
parameter M for three particles of different size as a function of the radial position.
Looking at the largest particle with a radius of 10 nm one sees perfect ordering in
the center of the particle. The more it approaches the surface, the less ordering is
observed. One sees a 3-nm layer with reduced ordering. This behavior is more
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Figure 7.4 Melting of lead nanoparticles as a

function of the particle diameter. The
experimental data are according to Coombes
[2]. (a) Experimental results of the melting
point plotted versus particle diameter. (b)
Experimental results as shown in Figure 7.4a,

0.4

however, plotted versus the inverse particle
diameter. It is important to realize the
deviation of the inverse linear relationship at
larger particle diameters (smaller inverse
diameters). For small particle sizes, a linear
fit is shown.

pronounced when the particle gets smaller. A particle with a radius of 5 nm shows
a similar lack of ordering at the surface; however, in addition, one sees imperfect
ordering in the center of the particle, too. This tendency is increased for a particle
with a diameter of 4 nm. In this case, in the center, the order parameter is just a
little more than 0.5; whereas this parameter is less than 0.25 at the surface. These
calculations confirm the considerations and the experimental results of Coombes
[2]. The relation of decreasing order with decreasing particle size and from the
interior to the outside is even clearer in Figure 7.5b. In this figure the order
parameter in the center and at the surface is plotted versus the particle size.
Looking at the smallest particles, one has the impression that they are closer to a
liquid than to a solid.
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Figure 7.5 Landau order parameter M for

nanoparticles of tin as a function of the
radius and particle size [3]. This parameter
is, as per the definition, one for perfect
crystallized material and zero for a liquid.
The degree of order decreases from the
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interior to the outside of the particles and
with decreasing particle size (a). This steady
decrease of order is also visible if one looks
only at this parameter in the center and the
surface (b) as a function of the particle
radius.

Analyzing Figures 7.5 one realizes that materials, crystallizing well as bulk material, show, as nanoparticles, a reduced propensity to crystallize in a similarly
perfect way. This phenomenon is observed, to some extent drastically, also with
ceramic materials. As an example, maghemite, γ-Fe2O3, does not crystallize as
particles smaller than approximately 3 nm. Such a limit also exists for alumina,
Al2O3, where the crystallization limit is around 20 nm.
Not only the difference of the melting point, but also the total enthalpy of
melting is inversely proportional to the particle size, as, in this case, one has to
add to the enthalpy of melting caused by the change of entropy the difference of
the surface energy in the solid and liquid state.
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Box 7.3

Total Enthalpy of Melting of Nanoparticles

Defining the total energy of melting as the sum of the melting enthalpy and
surface energy, the difference of the melting enthalpy of the bulk material and
nanoparticles ΔUtrans−nano is based on Eq. (7.4), in a simplified way, given by:
∆U trans − nano = ∆U trans + γ new Anew − γ old Aold
= ∆U trans − 6M

2 /3
γ new 1   γ old   ρnew  
1 − 
.
ρnew dnew   γ new   ρold  

(7.10)

This formula can be simplified as
∆U trans − nano = ∆U trans − κ

1
,
d

(7.11)

showing the inverse proportionality of the enthalpy for transformation with
particle size, where κ is a proportionality factor. This relationship is experimentally well proven.

melting temperature [K]

940
920

Experimental data
Linear fit
Bulk material

900
880
860
840
820
0.02

0.03

0.04

0.05

0.06

0.07

0.08

inverse particle diameter [nm–1]

Figure 7.6 Melting temperature of

nanoparticulate aluminum, produced by
grinding, according to Eckert et al. [4].
Clearly, within the precision of the

measurements, the melting temperature of
these particles follows exactly the inverse
proportionality of the melting temperature as
a function of the particle diameter.

The inverse relationship of melting point and enthalpy of melting will be demonstrated, using aluminum as an example. Figure 7.6 shows the melting temperature of aluminum nanoparticles as a function of the particle size. To demonstrate
the validity of Thomson’s equation again, the melting temperature is plotted versus
the inverse particle diameter.
Analyzing Figure 7.6 in more detail, one realizes that the extrapolation of a linear
fit of the melting temperatures of aluminum particles, produced by grinding,
crosses at a particle size of ca. 45 nm the melting temperature of the bulk material.
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Figure 7.7 Enthalpy of melting of aluminum nanoparticles determined by calorimetric

measurements [4]. These experimental data follow quite exactly the fit according to Eq. (7.11).

Eckert et al. [4] also made calorimetric measurements to determine the melting
enthalpy of aluminum nanoparticles produced by grinding. These experimental
results, together with a linear fit according to Eq. (7.11), are depicted in Figure 7.7.
It is interesting to see that the experimental results are nearly perfect fitted with
the inverse linear relation.
The fit for the experimentally determined values of the melting enthalpy depicted
in Figure 7.7 may be extrapolated to large particles, i.e. bulk material. On doing
this one finds a melting enthalpy for the bulk material of 14.7 kJ mol−1. This value
is significantly larger than the one listed for bulk material, which is given as 10.7 kJ
mol−1. This discrepancy may be explainable by storing of deformation energy in
particles, as they were produced by grinding. This may, possibly, also explain the
missing surface effect, as was demonstrated in the example of lead particles (See
Figure 7.4.)
Equation (7.7) is very general in its validity, it may be applied to more fields of
material science. A further problem, where extremely small particles, nanosized
particles, play an essential role is nucleation. When the temperature of a melted
material is reduced, crystallization starts. However, crystallization needs starting
points, the nuclei. Replacing the surface energy in Eq. (7.7) by the interface energy
solid–liquid, this equation describes the temperature of the formation of crystallization nuclei. Lastly, the Thomson equation describes in a simple way the necessity of supercooling of liquids for the formation of the first crystal nuclei
(homogenous nucleation); the temperature of the melt has to be reduced to a level
where the smallest nuclei are formed. Furthermore, the relationships as described
above are valid for any phase transformation, for example, also for ceramic materials. As an example, the transformation monoclinic–tetragonal of zirconia, ZrO2,
as a function of particle size will be explained.
Bulk crystallized zirconia exists, depending on the temperature, in three different modifications. From room temperature, the monoclinic modification is stable
up to 1450 K, followed by the tetragonal phase, which transforms around 2950 K
into the cubic modification. With respect of technical applications, the tetragonal
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Figure 7.8 Temperature of the transformation monoclinic–tetragonal of zirconia as a function

of grain size and yttria addition [6]. This figure makes it clear that a reduction of the grain size
has a similar influence on the transformation temperature as yttria additions.
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Figure 7.9 The monoclinic–tetragonal transformation of zirconia as a function of particle size

and yttria content [6]. To demonstrate the validity of Eq. (7.7), as abscissa, the inverse
diameter was selected.

phase is the most important one. This phase can be stabilized down to room
temperature by adding a few weight percent yttria, Y2O3, or magnesia, MgO. Small
grain sizes reduce the transformation temperature to the monoclinic phase. With
this background, the behavior of nanocrystalline zirconia, with and without additions of yttria seems to be of special interest. Figure 7.8 displays the influence of
small grain size and yttria addition on the temperature of the tetragonal–monoclinic
transformation [6].
Even when the particle sizes were, in most cases, not smaller than 100 nm, a
significant influence of the small grain size with respect to a reduction of the
transformation temperature is readily visible. Certainly, one realizes, too, that the
influence of a reduction of the grain size is, compared to the effect of yttria additions, minor. To check if such a solid-state transformation also follows Thomson’s
equation Eq. (7.7) the experimental data are plotted versus the inverse particle size.
This plot is given in Figure 7.9.
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The graph in Figure 7.9 shows that, as theoretically expected, solid-state transformations also follow the simple considerations, which led to Eq. (7.7). However,
this very general statement needs a caveat: The transformation tetragonal–
monoclinic is, in the case of zirconia, a martensitic transformation, which means
that the whole particle transforms within an extremely short time interval. The
experimental proof would be significantly more difficult in the case of a diffusioncontrolled transformation, which takes time.

7.3
Thermal Instabilities Connected to Phase Transformations

In the previous section, phase transformations of nanoparticles were treated in
a particular way, as they would be, except for the surface energy, more or less
identical to phase transformation in the world of macroscopic objects. The validity
of this approach is, however, limited. It does not take note that nanosized objects
are small. The thermal energy u of an object at a temperature T, independent of
its size, is according to Boltzmann
u = kT .

(7.12)

The quantity k in Eq. (7.12) is the Boltzmann constant. (The denomination Boltzmann constant was introduced by Max Plank. Interestingly, Ludwig Boltzmann
himself thought that it would be more or less impossible to determine the exact
numerical value.) As the free enthalpy of phase transformation for one particle
g is proportional to its mass, the energy needed, respectively, released at the
phase transformation of one particle gets smaller when the mass of the particle
is reduced. There it is possible that the thermal energy of a particle gets larger
than the energy necessary for phase transformation. This leads to the limiting
condition
∆g ≤ kT ,

(7.13)

where thermal instabilities are expected. Thermal instabilities lead to fluctuations,
which are, in this context defined as: “spontaneous transitions from an equilibrium
phase to a nonequilibrium phase, followed by a back-transformation” [5]. As the first
question may be: Is this pure theory or is there experimental evidence supporting
these considerations? Therefore, first some experimental findings, which are not
explicable without the assumption of thermal fluctuations, are presented.
Iijima and Ichihashi [6] made a series of high-resolution electron micro
graphs of gold particles with 2 nm diameter. One of these series is presented in
Figure 7.10.
The series of high-resolution electron micrographs presented in Figure 7.10
shows pictures of one individual particle, which were taken in time intervals of
1
s at a temperature around 370 K. The short time that was available for one
60
picture, explains the blurring by noise. (Normally, taking electron micrographs
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(a)

(b)

(c)
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(g)

(h)

(i)

(j)

1 nm
Figure 7.10 Time series of one gold particle

1
taken at time intervals of
seconds by
60
Iijima and Ichihashi [6]. These micrographs,
taken at a temperature around 370 K, show
that the shape of this particle is not stable; it
fluctuates spontaneously. The habit of this
particle changes from single twins (a, d, and

i) to multiply twinned icosahedral particles
(b and h), and to cuboctahedral shapes
(e, f, and i). The quality of these micrographs
is certainly not “poor”. The blurring by noise
is caused by the short time interval between
the micrographs. (Reproduction with
permission by Sumio Iijima
and the American Physical Society.)

with atomic resolution needs a minute or even more time for recording.) It is
important to realize that the shape of the particle is different from picture to
picture. It changes from single twins (a, d, and i) to multiply twinned icosahedral
particles (b and h), and to cuboctahedral shapes (e, f, and i). The lattice fringes
visible correspond to the (111) lattice plane; from this observation, one may realize
that the particle did not rotate. The series of micrographs presented in Figure 7.10
suggests the assumption that the difference of energy in the different shapes is
smaller than the thermal energy; the different shapes are energetically equivalent.
The shape is no longer stable; it fluctuates.
Not only are the shapes unstable, the phases and the phase content are
also unstable. Oshima and Takayanagi [7] observed that the phase might also be
unstable. In electron micrographs of a liquid tin particle, they found crystallized
ranges. A typical example is depicted in Figure 7.11. In this figure, a time
series of electron micrographs of one particle is shown. The time difference
1
between each one of the micrographs was again
s. Within this particle with
60
a diameter of ca. 6 nm, they found crystallized ranges of about 2 nm. However,
these crystallized ranges appeared and disappeared. This phenomenon may be
interpreted as the formation and redissolution of crystalline embryos or as a
particle containing one embryo, which rotates in a way that the lattice fringes
are visible or not. However, as it was possible to define clearly separated areas
in the phase diagram where this phenomenon was observable, it is obvious that
it has nothing to do with rotation of the embryo.
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2 nm
Figure 7.11 Time series of one liquid tin

1
particle taken in time differences of
s [7].
60
Within the particle, sometimes a tiny
crystallized area of ca. 2 nm is visible. For

two of these frames, an arrow indicates the
position of these embryos. The authors
denominate these particles as
“pseudocrystalline”. (Reproduced with
permission by Springer.)

The authors give clearly separated ranges of temperature and particle size, where
this phenomenon is observed. These ranges form a phase diagram, as is depicted
in Figure 7.12.
The phase diagram depicted in Figure 7.12 shows a few essential features that
are characteristic of small particles. Certainly, most important for the authors’
viewpoint was the delimitation of the field, where the they found crystallized
embryos within the melted droplets, the range was denominated “pseudocrystalline”. Furthermore, they found a field where the crystallized particles steadily
change their habit, called a “crystalline quasimelt”. Lastly, this is the same phenomenon as earlier observed by Iijima and Ichihashi [6] (see Figure 7.10). Obviously, this is a very general phenomenon. It can be explained and calculated with
good approximation by consequent application of classical thermodynamics,
Ajayan and Marks [8]. These authors calculated the free enthalpy of gold particles
as a function of particle size, shape, and temperature. Using gold as an example,
these calculations led to the phase diagram that is depicted in Figure 7.13.
The phase diagram depicted in Figure 7.13 shows all the features expected for
small particles in the vicinity of the melting temperature. Obviously, there is a
field where the particles are liquid. After reducing the temperature or increasing
the particle size, the next field is called the “quasimelt”, where the crystallized
particles perpetually change their habit, as may be seen in the series of electron
micrographs in Figure 7.10. As the next step, one enters fields where specific
shapes, such as decahedral or icosahedral, show maximal stability. However, there
is also a range, where any habit is stable, denominated as “single crystal” in Figure
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Figure 7.12 Phase diagram for tin particles
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Figure 7.13 Phase diagram for gold
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(decahedral or icosahedral), a range where
any shape is possible (single crystal), the
range quasimelt, where the particles
perpetually change their habit,
and certainly, the range where the particles
are liquid.

7.13. Certainly, one must not forget that the calculations leading to Figure 7.13
are approximations, One realizes this looking at the limitation of the phase field
“quasimelt”, which approaches asymptotically, a behavior that is, as may be seen
in Figure 7.12, not observed experimentally.
In Eq. 7.13, a condition for thermal instability of one particle is given. As
in general, thermodynamic considerations must refer to one mol, this limiting
condition expressed in mol is
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Figure 7.15 Concentration of 1.4-nm gold particles of an ensemble in the solid, respectively

liquid, phase in an isothermal system. There is a broad range of temperature, where, to some
extent, both phases coexist [5].

∆g =

M
M
∆G = (G1 − G2 ) ≤ kT .
N
N

(7.14)

The quantity M stands for the molecular weight and n for the number of
particles per mol. This relation is depicted in Figure 7.14. The temperature where
ΔG = 0 is valid is called the “crossing temperature”. Looking at this figure one
realizes that in the temperature range, where the difference of the free enthalpy
is within the limits given by Eq. (7.14) phase transformation is possible. Certainly,
the larger the distance to the crossing temperature, the smaller is the probability
for transformation.
Figure 7.15 displays this fact, it shows the probability to find the particle transformed in the vicinity of the crossing temperature. At the crossing temperature,
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the transformation temperature per se, the probability is 0.5, as the particle may
be either in phase 1 or phase 2. Furthermore, an additional remark is necessary:
Until now, the discussion was related to one particle. Do things change if there is
instead of one particle an ensemble of many particles? Not at all! From statistical
thermodynamics it is well known that the probability to find one particle in a
certain phase or the concentration of particles belonging to an ensemble are
equivalent (the ergodic theorem).

Box 7.4

Some Terms Used in Thermodynamics

In the following, a few often-used terms are explained in a simplified way:
Ensemble
An ensemble consists of many identical objects; generally, the number of these
objects is known; however, this number may be infinite, too.
Isotherm
A process is isothermal if, for example, in the case of a phase transformation
or whatever else happens, the temperature does not change. Lastly, one assumes
that the process happens in a bath of infinite size and constant temperature.
Adiabatic
A process is adiabatic, if, for example, in the case of a phase transformation,
there is no flow of energy; therefore, the temperature changes. This is the idea
that there is an ideal thermal insulation around the objects (particles). Looking
at adiabatic ensembles, for example, undergoing phase transformations, one
has to distinguish two cases:
•
•

Local enclosure: In this case each particle has an individual adiabatic enclosure [5].
Global enclosure: The whole ensemble is in an adiabatic enclosure; therefore, heat exchange between the particles is possible [5].

Ergodic theorem
This is an important theorem in statistical physics, the “ergodic theorem”,
stemming from Boltzmann and Gibbs, saying, drastically simplified, that one
may replace a time average by an ensemble average. This sounds complicated;
however, it simplifies the considerations. Lastly, this theorem says that there
is no difference in the result if one takes one particle and repeats an experiment
say a thousand times or one takes a thousand particles, makes one experiment
and measures the property of each one of these particles. Hence, one may
interpret the experimental result either as the probability to find one particle
in a certain phase or as concentration, which is the number fraction, of particles
in this phase.
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Figure 7.16 Melting and crystallization of

germanium nanoparticles as function of the
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As the measurements show some scatter,
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the diffraction intensities, representing the
concentration of the crystallized material
are given as scattering bands and not as
curves [9].

Assuming an ensemble of particles, Figure 7.15 shows that there is a temperature range, where the probability to find particles of both phases is not nil. This
transition range widens with decreasing particle size; therefore, looking at bulk
materials, this phenomenon is not observed, one finds a well-defined temperature
of phase transition, for exmple, the melting point. This figure was calculated under
the assumption of an isothermal system. Certainly, this is an idealization, which
is not found in experimental reality, as least, because it takes time to transport
heat to or from the particles to the surrounding bath of constant temperature.
Therefore, one has to expect that all experiments are at least to some extent adiabatic. This has severe consequences. As an example, Figure 7.16 displays the
concentration of the crystallized phase of germanium nanoparticles embedded in
silica. The amount of crystallized material was determined by X-ray diffraction.
Embedding the particles in a matrix has the advantage that any coagulation of the
particles is thwarted.
From Figure 7.16 one learns that in the heating cycle the temperature of the
phase transformation is higher as compared to the temperature in the cooling
cycle. This is readily understood keeping in mind that for melting, additional
energy must be transported to the transforming particles, vice versa; the same is
valid in the cooling cycle, where heat has to be removed from the material. Theoretical analysis of adiabatic processes is challenging. A detailed analysis shows that
one has to distinguish two different cases [5]:
•

Each particle is in an adiabatic enclosure, the “local case”. In this case, one
assumes that each one of the particles has an ideal thermal insulation; there
is no heat exchange between the particles.
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Figure 7.17 Course of the concentration of the low-temperature phase in the case of a “local

enclosure” [5]. This behavior is called bistability. The ranges 1 and 3 are reached during the
heating, respectively, cooling cycle. The range 2 is not accessible at all.

•

The whole ensemble of the particles has a common thermal insulation against
the surrounding world, “global case”. Within the ensemble, the heat exchange
between the particles is instantaneous.

Theoretically calculated graphs depicting the course of the concentration of the
low-temperature phase as a function of the temperature (this is the average temperature of the ensemble, which could be measured experimentally) is shown in
the following figures. Figure 7.17 displays the relations in the local case. In this
graph, the course of the concentration of the low-temperature phase has the
shape of a question mark. This means that there is a temperature range where
for one temperature three different concentrations are possible. Experimentally,
this is impossible. So, what will happen in the case of increasing temperature?
When the temperature approaches the transformation temperature (as this is a
random process, where the value nil is not existent, one can just give a temperature, where a measurable amount of material transforms), an onset of the transformation will be observed, until the point A is reached. As the temperature
cannot go into reverse, the concentration jumps instantaneously from point A to
point B. Now, the whole ensemble is transformed. Reducing the temperature, on
the way back, in the vicinity of the transformation temperature, back-transformation
starts until the point C is reached. Again, as the temperature cannot go into
reverse, the concentration jumps to point D. Now, the back-transformation is
completed.
In Figure 7.17, one realizes three concentration ranges: Range 1, which is
accessed during a heating cycle, Range 3, accessible during the cooling cycle, and
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Range 2, which is not accessible at all. In the range in-between the vertical
tangents, between the temperatures Tlower and Tupper, one finds different concentrations in the heating and cooling cycle. Such a behavior is called bistability.
The behavior is entirely different in cases where the whole ensemble is adia
batically enclosed, the “global case”. This is depicted in Figure 7.18. The behavior
in the global case is thus different from the previous one, as one observes
hysteresis and not bistability. Looking at a heating cycle, one observes in the
vicinity of point A the onset of the transformation, which come to an end near
the point B. In the cooling cycle, the transformation starts around point C
and is more or less finished at point D. The cooling and the heating cycle show
hysteresis. It is important to realize that there are separated temperature ranges
for heating and cooling, the fluctuation ranges, where the main part if the transformation occurs.
In Figures 7.17 and 7.18 two “pure” cases of adiabatic behavior are demonstrated. In reality, these well-defined cases do not exist, experimentally, one will
always find a mélange of isothermal and the different adiabatic systems. Comparing the figure, one may conclude that the experimental results depicted in Figure
7.16 stem from a predominantly adiabatic system, it comes close to the behavior
in the local case. This is readily understood, as each one of the germanium particles is separately enclosed in a silica matrix.
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7.4
Heat Capacity of Nanoparticles

The heat capacity C of a solid object is defined as the absorbed heat ΔE that is
necessary to increase the temperature by ΔT.
C=

∆E
.
∆T

(7.15)

The numbers given in tables are either for 1 g (specific heat capacity) or 1 mol,
(molar heat capacity). Analyzing the behavior of nanoparticles, often the heat
capacity of one particle is taken as a reference. For gases, it is important to take
care whether the heat capacity refers to constant pressure or constant volume; as,
in case of solids, the thermal expansion are comparatively small, this difference
is not significant.
The heat capacity of crystallized solids is well understood. It is the sum of the
energy of lattice vibrations. As, in a crystallized solid, the atoms are in well-defined
regular distances, only a limited number of vibrations, the phonons, is possible.
Certainly, the longer the wavelength, the lower is the energy of the phonons, the
more phonons are active, the higher is the heat capacity. Therefore, as nanoparticles are small, only a smaller number of phonons, as compared to bulk materials,
is possible. Hence, one expects a reduced heat capacity. However, there is a second
effect influencing the heat capacity: In a disordered system like a liquid, for the
atoms there are more degrees of freedom to vibrate, as they are no longer fixed in
a lattice. Therefore, one expects a higher heat capacity. The same, however, to a
reduced extent is observed for amorphous material and, therefore, one may expect
this for grain boundaries, too. As was shown in Chapter 3, in the case of small
nanoparticles, a significant amount of the volume is on the grain boundaries, one
has to expect a significant effect, superimposing or even exceeding the effect of
smallness on the phonon-influenced part of the heat capacity.

Box 7.5

Heat Capacity of a Small Crystal

To elucidate the statement that the heat capacity caused by lattice vibrations
of a small particle should be smaller than that of bulk material, the dependency
of the possible number of phonons on the crystal size is estimated. To clarify
the idea, a linear model of a crystal will be used, for further simplification, it
is assumed that the ends of this crystal are fixed and the number of atoms is
odd. Figure 7.19 displays this model crystal that consists of n atoms, each one
at a distance of a, the lattice parameter. The size of this crystal l is given by
l = (n − 1)a.
As stated in the boundary conditions, vibrations of such a chain have nodes
at its ends. Furthermore, only those vibrations are possible that have nodes at
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a

Crystal size l = (n − 1)a

Figure 7.19 Linear crystal with the lattice constant a, consisting of n atoms as model for
a nanoparticle to estimate heat capacity.

the position of a lattice point (atom); the vibrations are quantized. Therefore,
only a limited number of vibrations is allowed. This is valid for transversal and
longitudinal vibrations. Looking at the geometry of the system, it is obvious
that the vibration with the longest wavelength is given by λmax = 2l = 2(n − 1)a
and the shortest possible wavelength is λmin = 2a. The corresponding
c
c
frequencies are: ν max =
and ν min =
. The quantity c is the speed of
2 (n − 1) a
2a
elastic waves in the material. Within a linear crystal with length l, vibrations
with the following wavelength

λ=

2 (n − 1) a 2 (n − 1) a 2 (n − 1) a
2 (n − 1) a
2 (n − 1) a
,
,
,…
,…
,
1
2
3
i
(n − 1)

(7.16a)

with the frequencies

ν=

c
2c
3c
ic
(n − 1)c
,
,
,…
,…
2(n − 1)a 2(n − 1)a 2(n − 1)a
2(n − 1)a
2(n − 1)a

(7.16b)

are possible. Having the frequencies, one can, using Planck’s formula for the
energy E of a vibration E = hv, where h is Planck’s constant, calculate the
thermal energy of a crystal, which is the sum of the energy of all vibrations
E=

∑ n ν h.
i i

(7.17)

i

The numbers of vibrations ni with the frequency νi, depending on the temperature, follows the Bose–Einstein statistics.
From the Planck relation it is obvious that the vibration with the lowest energy
is the one with the longest wavelength. From Eq. (7.16) it is visible that the
possible number of vibration modes, especially the number of modes with long
wavelength, is reduced for small particles, it is obvious that the heat capacity
based on lattice vibrations is also reduced.

Figure 7.20 displays the heat capacity of sintered nanocrystalline and bulk palladium. One sees that the values for the nanocrystalline material are significantly
higher as compared to those of the bulk material. Obviously, the influence of the
higher heat capacity of the grain boundaries overcompensates the reduction of
the heat capacity caused by the reduction of vibration modes. In this context it
is important to mention that nanocrystalline particles have an increased tendency
to dissolve light elements, such as hydrogen. Because of their larger degrees of
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Figure 7.21 Heat capacity of bulk and sintered nanocrstalline alumina, Al2O3 with a grain size

around 20 nm. In this example, comparable to the one depicted in Figure 7.20 for palladium,
the heat capacity of the nanocrystalline material is higher than that of the bulk material [13].

freedom for vibration, these impurities contribute overproportional to the heat
capacity. This was experimentally proven using the example of platinum [10].
The same arguments and phenomena as described for metals are valid for
ceramic materials. As an example, Figure 7.21 displays the heat capacity for bulk
and nanocrystalline alumina [11]. As the sintered nanocrystalline material had a
grain size around 20 nm, it was, as the bulk material, in the hexagonal a-phase.
The minor content of ca. 1% γ-phase in the nanocrystalline specimen is assumed
to be negligible. The experimental results show increased heat capacity at low
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Figure 7.22 Calculated values for the heat capacity of indium oxide, In2O3 as function of the

particle size [12]. As the reference temperature, a value of 298 K was selected. Please note the
dramatic increase of the heat capacity at particle sizes below 1.2 nm.

temperatures and even more striking, at temperatures above 250 K, which is
explained by increased freedom for vibration of the ions at the grain boundaries.
This material had a reduced density of 89% (this density reduction is not due
to porosity), which is explained by the reduced density of the material at grain
boundaries.
Precise and very detailed theoretical calculations of heat capacity as a function
of the particle size of indium oxide, In2O3 [12] led, as expected, to a decrease of
heat capacity with decreasing particle size. Most importantly, however, is the deviation of this tendency at the smallest grain sizes. This increase at particle sizes
below 1.5 nm is due to the fact that, at this particle size, the material consists of
surface only. Surface is, as demonstrated for example, in Figures 7.4 and 7.5,
highly disordered; and disordered material has, because of the increased number
of possible vibration modes, higher heat capacity (Figure 7.22).
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